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Abstract  

Resumo

Due to the development in structural analysis studies, optimization techniques have become part in the design of reinforced concrete structures. 
Making it possible to design structures with optimized cross-sections. Thus, the present study aims to implement optimization techniques, using 
the Solver tool, to design procedure of reinforced concrete beams following the precepts of Brazilian Standard ABNT NBR 6118:2014. Focusing to 
minimize the cost of reinforced concrete beams, where the design variables are the height and width of the beam cross-section and the constraints 
are imposed by the relevant technical standards and design variables limitations.

Keywords: structural optimization, beams, reinforced concrete.

Com os avanços nos estudos de análise estrutural, técnicas de otimização passaram a fazer parte do dimensionamento das estruturas de concreto 
armado. Por meio de tais técnicas, é possível conceber estruturas com seções otimizadas. Assim, o presente estudo tem por objetivo implementar 
técnicas de otimização, utilizando a ferramenta Solver, ao processo de dimensionamento de vigas de concreto armado, seguindo os preceitos da 
Norma Brasileira ABNT NBR 6118:2014. Será minimizado o custo das vigas de concreto armado, onde as variáveis de projeto são a altura e a base 
da seção transversal da viga e as restrições são imposições das normas técnicas pertinentes e limitações das variáveis de projeto. 

Palavras-chave: otimização estrutural, vigas, concreto armado.



1. Introduction

The construction industry has great importance in the sustainable 
development context, not only by its contribution to the economy, 
but also for its great social and environmental impacts. A sustain-
able build approach consists in minimizing the consumption of 
natural resources and maximize their reuse. In this sense, a com-
petitive advantage for companies in this sector is the reduction of 
material used in construction. That is why companies have been 
constantly investing new techniques of waste minimization and, 
consequently, seeking to reduce the total cost of the project [1]. In 
recent years, due to the high computational development, complex 
structures can be analyzed through structural calculation software, 
making it the most economical structures design [2].
In general, the conventional design of reinforced concrete struc-
tures is a process of trial and error, where the dimensions of the 
structural elements are estimated and adopted if the criteria of 
safety and service are met. Although, this procedure does not al-
ways lead to the best economic and structural solution.
Since there are many possible solutions, the most appropriate 
choice can be determined using mathematical optimization tech-
niques. Nowadays, there are various tools of structural analysis 
and design, however optimization tools are not commonly used in 
the design of reinforced concrete structures.
The mathematical optimization can be used as a tool to aid the de-
signer in decision-making, from the definition of initial dimensions of 
the structural elements to their final design, eliminating the trial and 
error process, consequently, reducing the time of projects elaboration.
There are various software capable to solve optimization problems, 
such as MATLAB, Octave, Scilab, Dakota, Solver, among others.
Several optimization studies [3-6] of reinforced concrete beams 
used MATLAB, while others [7-12] used Solver. The advantages of 
Solver, when compared to others, are the easy use and no specific 
programing knowledge is required. Besides, Solver is used in Mi-
crosoft Excel worksheets, a tool widely used in engineering.
The optimization studies [7-12] of reinforced concrete beams using 
Solver, usually, seek to determine parameters of the beam cross-
section, aiming to minimize costs associated to restrictions of rel-
evant technical standards.
Maia [7], in his optimization study, obtained the height of the beam 
and the reduction factor of negative bending moment that minimize 
the costs. Through the study of several examples, the author has 
proved the efficiency of optimization through Solver.
Kripka and Pagnussat [8] determined the optimal height of the beam 
to minimize the costs, taking into account shear reinforcements, it 
was verified that the optimum height was close to the usual esti-
mated by the design. Bhalchandra and Adsul [9], instead of height, 
optimized the width, steel areas and nominal cover of the beam to 
minimize the amount of material, using methods of Genetic Algo-
rithms (AG) from MATLAB and the Generalized Reduced Gradient 
(GRG) from Solver, reporting that the AG presented the best results.
Rahmanian, Lucet and Tesfamariam [10], Junior and Oliveira [11] 
added some aspects when formulating the optimization problem 
that were considered in previous studies. Both works considered 
commercial diameters in order to determine the steel areas. In ad-
dition, Rahmanian, Lucet and Tesfamariam [10] added the restric-
tion limitation of cracks to beams optimization.

Rahmanian, Lucet and Tesfamariam [10] determined the height 
and steel area that minimize the beam cost through Solver AG 
and GRG, reporting a better efficiency to the GRG. Junior and 
Oliveira [11] obtained the cross-section dimensions, strength 
of the concrete and reinforcements diameter that minimize the 
beam cost. Concluding that the great height is close to the 
usual height estimate by the design and that the optimized so-
lution presents a significant material saving when compared to 
other solutions.
Fraga and Kripka [12], unlike previous works, obtained the beam’s 
optimal height to minimize financial and environmental costs, as-
sociated to the environmental impact that the beam causes. The 
behavior of the optimal height was obtained by the variation of the 
problem parameters, being verified that the use of concrete with 
less resistance reduces the financial and environmental costs. 
It is in this context, this work proposes to incorporate optimization 
techniques, using Solver tool, to the procedure of design and veri-
fication of the ultimate load capacity of reinforced concrete beams, 
following the precepts of the Brazilian Standard ABNT NBR 
6118:2014 [13]. The beams of reinforced concrete were designed 
in order to obtain rectangular cross-sections, optimized for situa-
tions with different variations of beam spans, loads and classes 
of characteristic compressive strength of the concrete. Thus, it is 
intended to highlight the material saving obtained by optimization 
techniques, by comparing the optimized cross-sections with the 
conventional procedure. 

2. Optimal design of reinforced  
 concrete beams

The aim is to find optimal values of the design variables, therefore 
the objective function is minimized and the constraints are satis-
fied.  The corresponding optimization problem has the form:

(1)

Where, f (x) is the objective function to be optimized,  
x = {x1,x2,…,xn }T is a vector that contains the project variables, n is 
the number of project variables, hj (x)  are the equality constraints,  
m is the total number of equality constraints,  gk (x) are inequality 
constraints, p  is the total number of inequality constraints, xi

min  and 
xi

max are the side constraints. The project variables are those that 
can change during the optimization process and can adopt any 
value defined in the viable solutions. The constraints describe un-
desirable design situations, such as limits of stress, displacements, 
crack opening, among others.
After transforming the reinforced concrete beams design into a 
mathematical optimization problem, it is possible to find the most 
economical solution among several possible solutions. In this work, 
the beams cost will be minimized, therefore the design variables 
are height (h) and width (b) of the cross-section and the restric-
tions are imposed by the relevant technical standards and project 
variables limitations.
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For the objective function, the unitary costs of steel, formworks and 
concrete were considered. Table 1 presents the costs extracted 
from the price tables of the SINAPI [14] (National system of re-
search costs and indexes of Civil construction) for the Pernambuco 
state and the MASTERMIX company from Caruaru (PE).  
For the steel costs (CA), two terms were considered: the first one 
concerning the cost of longitudinal reinforcements and the second 
one for the shear reinforcements, Eq. (2). It must be highlighted 
that the costs of longitudinal bars are composed of the costs of 
tensile, compression and skin reinforcements. 

(2)

Where, AAl is the cross-section area of the longitudinal reinforce-
ment, LAl is the total length of the longitudinal reinforcement, ρ is 
the steel specific mass (7850 kg/m³), PAl is the unitary cost of lon-
gitudinal reinforcement (R$/kg), AAt is the cross-section area of the 
transverse reinforcement, LAt is the total length of the transverse 
reinforcement, nAt is the number of transverse reinforcement con-
tained in the beam and PAt is the unitary cost of the transverse 
reinforcement (R$/kg).
The cost of formworks (CF) was calculated by Eq. (3) and the con-
crete cost (CC) was calculated according to Eq. (4):

(3)

(4)

In which b and h are the width and height of the cross-section, 
respectively, Lef is the effective span and PF and PC are the unitary 
costs of the formworks (R$/m²) and concrete (R$/m³), respectively.
Thus, the objective function (C) was given by the sum of the costs 
CA, CF and CC.
The restrictions imposed to the problem studied were:
n According to the 17.4.2.1 item of ABNT NBR 6118:2014 stan-

dard [13], the shear force calculation (Vsd) must be less or equal 
to the shear force resisted, related to the rupture by diagonal 
compression (VRd2):

(5)

n When it is necessary to use more than one layer of bars in 
the cross-section of the beam, the distance from the center of 
gravity of the bars (a) to the center of the farthest bar must be 
less than 10% of the height (h), according to the 17.2.4.1 item 
of the ABNT NBR 6118:2014 standard [13]:

(6)

n In accordance to the 17.3.5.2.4 item of ABNT NBR 6118:2014 
standard [13], the sum of the tensile (As) and compression (As') 
reinforcements must not be greater than 4% of the concrete 
area of the section (Ac):

(7)

n In the verification of the Limit State of Excessive Deformation, 
according to ABNT Standard NBR 6118:2014 [13], the total 
displacement at must not exceed the atlim limit value indicated 
in Table 13.3 of the aforementioned standard, and this study 
is considered the displacement limit for visual acceptability:

(8)

n The Crack Opening Limit State was verified according to the 
17.3.3.2 item of ABNT NBR 6118:2014 standard [13]. The 
magnitude of crack opening (w) must comply with the limit val-
ue wlim stipulated by the standard (0.3 mm for Environmental 
Aggressiveness Class II):

(9)

n The design variables, height (h) and width (b), must be an inte-
ger with the following side constraints:

(10)

(11)

(12)

(13)

Based on the definitions of the project variables, objective function 
and constraints, the authors were able to describe mathematically 
the problem:

(14)

Thus, the optimization problem is to find the width (b) and the 
height (h) of the beam cross-section to minimize the cost (C), re-
specting the constraints imposed.
The optimized design steps are in Figure 1. After an initial solution 

Table 1
Unitary costs of concrete, steel and formworks

Concrete

Source Type Price 
(R$/m³)

94964 – SINAPI 12/2016 C20 258.97
94965 – SINAPI 12/2016 C25 252.39
94966 – SINAPI 12/2016 C30 260.52
MASTERMIX/CARUARU C35 298.00
94968 – SINAPI 12/2016 C40 299.64

 CA-50 steel

Source Diameter 
(mm)

Price 
(R$/kg)

– 5 9.47
92760 – SINAPI 12/2016 6.3 9.47
92761 – SINAPI 12/2016 8 9.14
92762 – SINAPI 12/2016 10 7.43
92763 – SINAPI 12/2016 12.5 6.17
92764 – SINAPI 12/2016 16 4.85

Formworks

Source Price 
(R$/m²)

92446 – SINAPI 12/2016 119.03
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(b and h), the parameters required to calculate the objective func-
tion and the constraints (Eq. (14)) were determined. Then, it is veri-
fied if the optimal solution was found. If it is positive, the process 
ends, otherwise the solution is modified, repeating the process un-
til it converges to the optimal solution.  
The steel areas are designed to bending moment and shear force, 
ensuring that the resistive force are greater or equal to the calcu-
lation force in the beam cross-section. The steps to design rein-
forced concrete beam will be described next. First, based on the in-
put data, the program is capable to calculate the effective span, the 
active loads and the modulus of elasticity of the concrete. Then, 
the force calculations on the beam are determined. Based on that, 
the beam is designed to the bending moment and the shear force, 
determining the steel areas. Afterwards, the detailing of the shear 
and longitudinal reinforcements is carried out. Then, parameters 
associated to the verification of the Serviceability Limit States 
(SLS): Excessive Deformations and Cracks Opening. Finally, the 
skin reinforcement is determined (if necessary) and the anchorage 
is defined. These steps are set out in Figure 1.
It is worth pointing out that, for the optimized design carried out in 
this work, the following considerations were adopted:
n It was considered the possibility of double reinforcement in the 

design to the moment bending, when necessary;
n As mentioned previously, if necessary, it was considered the 

possibility to apply a skin reinforcement, with a 6.3 mm diam-
eter in this this type of reinforcement;

n In the design of the shear reinforcement (stirrups), the authors 
considered commercial diameters up to 12.5 mm for the CA-
50 steel. The choice of diameter and spacing was made in 
a way to approximate as much as possible to the calculated 
steel area, respecting the impositions made by the ABNT NBR 
6118:2014 standard [13]. Considering the distribution of the 
stirrups along the span, detailing the support regions and cen-
tral span (with minimal shear reinforcement);

n In the detailing of the longitudinal reinforcement, commercial 
diameters up to 16 mm for the CA-50 steel were considered, 
since larger diameters are more common in large construc-
tions. The choice of the bars layout in the cross-section follows 
the requirements of ABNT NBR 6118:2014 standard [13]. First, 
it is tried to dispose the bars in a single layer, in order to ap-
proach the maximum of the calculated steel area, when this is 
not possible, the disposition occurs in several layers;

n When calculating the maximum displacements, the possibility 
of upward midspan deflection is considered, in order to de-
crease the final displacements;

n To determine the anchorage of the tensile reinforcement, 
a straight anchorage of all the bars is attempted as first ap-
proach. When this is not possible, the authors place hooks in 
the bars of the first layer. If the hook solution is not possible, 
clamps are used along with the hooks. The anchorage of the 
compression and skin reinforcements, when they exist, are 
straight anchorage type. The anchoring of the stirrups is also 
taken into consideration.

3. Optimization tool:  
 Analytic Solver Platform

The program used to optimize design of reinforced concrete beam 
was implemented in an Excel spreadsheet, in order to use the 
Analytic Solver Platform [15]. This tool was developed by Front-
line Systems [16] to solve optimization problems written in Excel 
spreadsheets. This work used the version 2016-R3 of Solver.
The problem information, such as the objective function, project 

variables and the constraints are inserted in the worksheet cells of 
Solver dialog box. Then, the most appropriate optimization method 
for problem analysis must be selected. 
There are three optimization methods in Solver: LP Simplex, the 
nonlinear GRG and the Evolutionary. The LP Simplex method is 
used for linear optimization problems [17-18]. The nonlinear GRG 
method is used for nonlinear type problems. The Evolutionary 
method is applied in complex nonlinear type problems [17].
The non-linear GRG method is based on the Generalized Reduced 
Gradient method, which is an extension of the Reduced Gradient 
method to resolve problems with nonlinear inequality constraints. 
[18-19]. The Evolutionary method is based on the method of ge-
netic algorithms, defined as a technique of optimization and search 
based on the principles of genetics and natural selection [20], be-
ing quite applied by scientists and engineers to solve practical 
problems [21].
To determine what is the most appropriate method for solving the 
optimization problem, Solver has a feature called “Analyze with-
out Solving”, where convexity tests are made to know the type of  

Figure 1
Flowchart of optimized dimensioning of the beam
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optimization problem, seeking to use the most appropriate method 
[22]. Conducting this analysis in this study, it was found that this is 
a nonsmooth and nonconvex problem, and then the Evolutionary 
method is used.
In the Evolutionary settings, the values adopted for population size 
and mutation rate were 100 and 0.075, respectively. Figure 2 show 
the Solver’s “Engine” dialog box with the other parameters adopted. 

4. Analized structures

The cross-sections of reinforced concrete beams were analyzed. 
The beams were considered to be supported on columns and sub-

jected to a uniformly distributed loading. The cross-section is rect-
angular with width (b) and height (h), as shown in Figure 3. The 
columns have a square cross-section of 20 cm. The steel used is 
class CA-50. The nominal cover is 30 mm, being the Environmen-
tal Aggressiveness Class II. It is worth to highlight that this study 
did not considered the stiffness of the columns.
For the study of the beams cross-sections, the influence of the 
following parameters were analyzed: free span values, character-
istic loading and class of characteristic compressive strength of 
the concrete. The free span values varied from 2 m to 7 m in incre-
ments of 0.50 m, the characteristic loading varies from 10 kN/m to 
50 kN/m in increments of 5 kN/m and the class of characteristic 
compressive strength of the concrete varies between 20 MPa and 
40 MPa in increments of 5 MPa.  

5. Results and discussions

With the implementation of beam design and the formulation of the 
Excel spreadsheet optimization problem, several optimized cross-
sections have been obtained that minimize its cost of the beam. The 
project variables adopted were the height and width of the beam. 
Analyzing the combinations of the different values of free span (11 
cases), loading (9 cases) and characteristic compressive strength 
of the concrete (5 cases), 495 optimized cross-sections were ob-
tained. In the next few items, the numerical results and the main 
conclusions are presented.

5.1 Height and width of optimized sections

Initially, the authors studied how the height/span length ratio in the 
optimized cross-sections varies depending on the loading, span 
length and characteristic compressive strength of the concrete 
(fCK). Subsequently, the same analysis was carried out for the 
beam width.
In the pre-dimensioning stage, a usual approach to determine the 
height of the cross-sections of the reinforced concrete beams is 
the adoption of a height/ span length ratio of 10%.

Figure 2
Solver dialogue box

Figure 3
Studied beam model
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In the analyzed cases, it was observed that the values of (h/L) 
suffered small variations with the change of the fCK. Figure 4 
presents only the height/ span length  (h/L) ratio for the fCK val-
ues of 20 MPa and 40 MPa, depending on the free span and 
loading. It is observed that both surfaces present similar be-
havior, increasing the ratio (h/L), as the loading increases and 
span decreases. It must be highlighted that the ratio values (h/L) 
range from 7.10% to 17% in the case of fCK of 20 MPa, decreas-
ing the maximum value to 13.50% in the case of fCK equal to 
40 MPa. Considering small spans and high loading, the ratio 
becomes larger in the case of fCK equal to 20 MPa, due to the 
need for a greater height for this configuration.
In Figure 5 and Table 2, the arithmetic means of the (h/L) ratio 
is presented for each combinations of span length and loading, 
considering the 5 values of characteristic compressive strength of 
the concrete. It can be observed that the ratio (h/L) varies between 
6.84% and 14.20% for the different configurations, and that from 
the 99 arithmetic mean calculated, a total of 40 varies between 9 
and 11%, i.e. these values are very close to the usual estimate of 
10%. There were 29 values (h/L) above 11%, for these, the initial 
estimate adopted in the pre-dimensioning would employ values 
bellow the optimal values.

Figure 4
Optimum ratio (h/L) for span and loading, for concrete of 20 MPa and 40 MPa

Figure 5
Average optimum ratio (h/L)

Table 2
(h/L) ratio for free span and loading (%)

Span (m)
Loading (kN/m) Average 

ratio (%)10 15 20 25 30 35 40 45 50
2 12.50 12.50 12.50 12.60 12.50 12.50 12.70 14.20 13.40 12.82

2.5 10.00 10.00 10.00 10.08 11.60 10.08 10.56 11.60 12.80 10.75
3 8.40 8.60 9.60 9.20 9.87 10.80 11.73 12.53 12.93 10.41

3.5 7.26 8.23 8.06 9.14 10.29 10.69 11.54 12.00 13.77 10.11
4 7.40 7.45 8.35 9.55 10.00 10.60 11.10 11.55 12.35 9.82

4.5 7.60 7.78 8.89 9.42 9.78 10.71 11.02 12.00 11.73 9.88
5 7.80 7.96 8.76 9.36 10.12 10.20 10.92 10.88 10.92 9.66

5.5 6.84 7.67 8.58 8.95 9.64 9.82 10.04 10.25 10.98 9.20
6 7.07 7.83 8.70 9.20 9.47 9.57 9.97 10.23 11.53 9.29

6.5 7.17 8.06 8.37 8.89 9.14 9.45 10.31 11.17 11.94 9.39
7 6.94 7.97 8.03 8.31 8.54 10.00 10.49 11.31 11.54 9.24
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In the last column of Table 2, the average ratio of (h/L) was calcu-
lated according to the span length, observing that among the 11 
spans, 10 varies from 9.20 to 10.75%. Therefore, the relationship 
adopted in the conventional pre-dimensioning can be considered 
acceptable since it was close to the optimal relationship.
Figure 6 presents the dimensions of the beam width optimized 
for three characteristic compressive strength of the concrete 
(20 MPa, 30 MPa and 40 MPa) are shown as a function of the 
applied loading and the span length. It was observed that the 
width assumes different values in the various situations of span 
and loading, in order to meet the constraints and criteria of de-
sign and detailing considered previously. It can be noticed that 
most widths reduce their size, as the characteristic compressive 
strength of the concrete increases, since the increase of the 
resistance allows a decrease in the dimensions of the cross-
sections, without compromising the safety requirements. More-
over, this decrease in the cross-section dimensions due to the 
increase of the characteristic compressive strength of the con-
crete, is more evident in the width because of a height decrease 
could lead to the non-compliance of the Limit State of Excessive 
Deformation (restriction of eq. (8)). 

5.2 Full use of the materials in the optimized
 cross-sections

It is expected that in the optimized cross-sections there is a 
great exploitation of the materials (concrete and steel), since 
the goal of optimization is to minimize the financial costs. In 
order to assess this use, it is necessary to analyze the strain of 
concrete and steel, as well as the strain domains. 
The strain domains represents the various possibilities of col-
lapse the section, characterized by the designed specific strain 
of concrete and steel, varying between domains 1 to 5. The 
simple bending, is included within the domains 2, 3 or 4. In the 
domain 2, the concrete does not reach the rupture and the elon-
gation of the tensile steel is the ultimate permitted (10‰), the 
rupture occurred due to the excessive plastic strain of the steel. 
In the domain 3, the compressed concrete reaches the ultimate 
strain of 3.5‰ and the tensile steel yield, the concrete ruptured 
by crushing. In the domain 4, the concrete reaches the rupture, 
but the steel does not yield, and it is also characterized as a 
conventional rupture by crushing the concrete. Domain 3 repre-
sents an ideal situation, since both the crushing of the concrete 
and the yield of the steel occurs, being the materials (concrete 
and steel) used entirely and the collapse occurs with prior warn-
ings (due to the large strains). In contrast, domain 4 represents 
an uneconomical situation since the steel is not used with its 
entire sturdy capacity and the rupture is fragile. Therefore, the 
cross-section of reinforced concrete must be dimensioned in the 
domain 3 because it is an economic situation. The domain 2 is 
acceptable and domain 4 must be avoided.
It was noticed that due to the limitations imposed to the posi-
tion of the neutral line, 17.2.3 item of ABNT NBR 6118:2014 
standard [13], part of domain 3 and domain 4 were not reached 
[23], as shown in Figure 7. 
For the optimized cross-sections, the strain domains (domain 2 
or 3) and the strains of the materials (steel and concrete) were 
obtained. This information is shown in Figure 8 and Table 3.
As shown in Figure 8, most of the cases analyzed are in do-
main 3 (approximately, 89% of the cases), while 11% are in 
domain 2.

Figure 6
Optimum width values, considering concrete with fck 20 MPa, 30 MPa and 40 MPa

Figure 7
Strain domains of possible simple bending, 
for fck less or equal to 50 MPa
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It is observed, in Table 3, in domain 3, that 52.27% of the sections 
have a steel strain between 2.5‰ and 5‰, while 33.86% had it 
between 5‰ and 7.5‰, and 13.87% presented values between 
7.5‰ and 10‰.
In domain 2, according to Table 3, 21.82% of the sections have 
the concrete strains up to 2‰, while 38.18% of the sections had it 
between 2‰ and 3‰, and 40% between 3‰ and 3.5‰. Therefore, 
most of the sections that are in domain 2 present strains in the 
concrete close to the ultimate strains of 3.5‰. Even if it is not in 
domain 3, these sections also present a great use of the materials 
due to the large strains of the concrete.

5.3 Optimized cross-sections costs

In order to evaluate the economic advantages of the optimized cross-
sections, the costs were determined considering the height and width 
dimensions obtained in the implemented program (optimal solution), 
using an estimated height of 10% of the span and width equal to 20 
cm (conventional solution). Based on these costs, the material sav-
ing of the optimized cross-sections was determined in relation to the 
pre-dimensioned sections, according to the conventional procedure.
Table 4 presents the percentages of material saving for the sec-
tions, comparing to the solution optimized with the conventional 
solution. It was observed that more than 55% of the optimized sec-
tions present an material saving between 10% to 40%. Approxi-
mately, 15% of the sections present a material saving below 5%, 
since the estimated height is close to the optimal height. Among 

the analyzed cases, the largest material saving obtained for an 
optimized cross-sections was 39%. 
Figures 9 and 10 present the material costs (concrete, steel and form-
work) and the total cost of the optimized beams, for the character-
istic compressive strength of the concrete of 20 MPa and 40 MPa, 
depending on the loading applied and the length of the span. It was 
observed that the maximum costs were obtained in the case of fCK 
equal to 20 MPa, since due to a smaller resistance it is necessary 
sections with larger dimensions to provide adequate stiffness. It also 
turns out that the costs are higher in the situations with high span and 
loading, because, in these situations, more cross-section dimensions 
and steel areas are needed to support the requesting forces.  
To analyze the influence of the cost parcels related to concrete, 
steel and formwork in the total cost of the beam, the average costs 
of these materials were obtained for all the analyzed cases.
Figure 11 presents the percentages of the materials costs in the 
total cost of the optimized cross-sections. It was observed that the 
cost of the formworks represents 66% in total cost, while the steel 
and concrete represents 25% and 9%, respectively. It should be 
noticed that the percentage variation interval in relation to the total 
cost of formworks is approximately 50% to 79%, for steel was from 
12% to 41%, and for concrete was from 7% to 13%.
It is important to highlighted that the cost percentages presented 
previously are related to the optimization problem formulated with 
the unitary costs from Table 1. Also, it is worth pointing out that 
different unitary cost values will produce other optimal results, re-
specting the constraints imposed on the problem.  

6. Conclusions
 
The reinforced concrete beams are structural elements that are 

Figure 8
Optimized cross-sections from domains 2 
and 3 in percentage

Table 3
Concrete and steel strains in optimum cross-sections

Domain 2 Domain 3
Concrete strains (‰) % of optimum cross-sections Steel strains (‰) % of optimum cross-sections

≤ 1 3.64 ≤ 2.5 0.00
1 - 2 18.18 2.5 - 5 52.27
2 - 3 38.18 5 – 7.5 33.86

3 – 3.5 40.00 7.5 - 10 13.87

Table 4
Optimized sections savings, when compared 
with the pre-dimensioned sections used in the 
conventional procedure

Savings (%) % of optimized cross-sections
≤ 5 14.96

5 - 10 27.57
10 - 15 17.60
15 - 20 15.54
20 - 25 10.26
25 - 30 9.09
30 - 35 3.81
35 - 40 1.17
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Figure 9
Costs (R$) of materials (concrete, steel and formworks) in the optimized cross-sections, 
for concrete of 20 MPa and 40 MPa
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quite common in civil construction. Thus, a reduction in their costs 
can bring significant material saving to this sector. 
In this work, optimization techniques were implemented, us-
ing the Solver tool, to the procedure of design of reinforced 
concrete beams, following the precepts of the Brazilian Stan-
dard ABNT NBR 6118:2014. The total cost (concrete, steel and 
formworks) of reinforced concrete beams was minimized, con-
sidering as design variables the height and width of the beam 
cross-sections.
The conclusions related to the optimization study of reinforced con-
crete beams are presented below, considering 11 span lengths, 9 
loadings and 5 characteristic compressive strength of the concrete:
n The estimate of the beam height, 10% of the free span, can be 

considered generally a good estimative, since it approaches 
the ratio of optimal height per span;

n Because they bring a very significant cost economy, the opti-
mized cross-sections are advantageous in relation to the pre-
dimensioned cross-sections, according to the conventional 

procedure, using an estimated height of 10% of the span and 
width equal to 20 cm. As seen in the Section 5 Results and dis-
cussions, this approach may lead to a material saving of 35%;

n In fact, the optimized cross-sections present a great use of 
the materials (concrete and steel), once that most of them are 
in the domain 3, and even those in the domain 2 have large 
strains (close to the ultimate strains);

n In the construction of the financial costs, it was observed that 
the formworks cost represented the highest percentage in the 
total cost of the optimized cross-sections, followed by steel and 
concrete, respectively. This result is related to the optimiza-
tion problem formulated for reinforced concrete beam, with the 
unitary costs of Table 1, and it may vary for other costs and 
different structural elements. 
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